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Abstract: Although planar projection formulas have long been employed to represent ring compounds, the justification of 
their use has seldom been satisfactory. Polya's method is employed to show that their use in counting isomers is allowed be­
cause the permutation symmetry of such formulas is equivalent to that of a nonplanar ring in which interconversion between 
conformers occurs. The general applicability of the method presented for the counting of isomers of nonrigid molecules is 
briefly discussed. 

The use of planar projection formulas to count the iso­
mers of cyclic compounds is both venerable2 and often mis­
understood, although the usefulness of this procedure is ap­
parent. One is readily convinced by inspection of the formu­
las in Figure 1, for example, that there are only three ste­
reoisomers of 1,2-dibromocyclohexane. This fact is not, 
however, immediately evident from examination of the 
more proper perspective formulas of chair form cyclohex­
ane shown in Figure 2. Even after rejection of I and II on 
the grounds of conformational instability, four rather than 
three isomers are counted. The discrepancy is overcome, of 
course, by showing that III and IV can be interconverted by 
conformational change alone. The apparent rigidity of the 
perspective formulas is misleading. By experience it has 
been found that the planar projection formulas, which ig­
nore conformation, give a more accurate count of isomers in 
such systems. 

Such a useful procedure should have something more 
than an empirical justification. In the literature three dif­
ferent types of justification have been offered. (1) The old­
est argument posits a planar transition state through which 
the molecule passes in conformational change. The argu­
ment continues with the reasonable statement that the mol­
ecule, therefore, exhibits the highest symmetry that it at­
tains.3 The difficulty with this justification is that the pla­
nar transition state is a convenient fiction; it is energetically 
prohibitive relative to the twist-boat forms. (2) A more so­
phisticated argument is that the time-averaged state of the 
system, which involves both enantiomorphs, has an appar­
ent higher symmetry than either separate form.4 This argu­
ment leaves unanswered, however, the question of why this 
apparent symmetry is that of a planar ring. (3) The usual 
approach to this question is silence. Even authors who em­
phasize the importance of conformational analysis will ig­
nore the difficulty of using planar rings to count the isomers 
of nonplanar molecules.5 

It is argued here that the application of simple combina­
torial principles allows a rigorous justification for the use of 
planar projection formulas in isomer counting, and that the 
further application of these principles is a useful tool for 
counting the isomers of nonrigid molecules. 

In 1936 Polya showed that the number of distinguishable 
ways of labeling the vertices of an achiral skeleton of any 
type could be counted using group theory considerations 
alone.6 Since adequate descriptions of Polya's method are in 
the literature,7 only the essential elements of it are given 
here. In the case of chemical structures, a symmetry group 
G can be assigned by considering the point group operations 
which relate the substituent positions on the molecular skel­
eton. This point group G can also be described in terms of 
the permutations of these positions which are produced by 

the point group operations. Figure 3 shows a perspective 
formula of chair form cyclohexane with its numbered sub­
stituent positions. The permutation element TE for the 
identity operation E can be represented in terms of 12 
disjoint sets (cycles), each describing the permutation of 
only one position. 

^E (I)(J)(S)(J)(I)(S)(J)(S)C)" 
(IS)(Il)(I!) 

In this form the permutation indicates that the identity op­
eration takes position 1 into position 1, position 2 into posi­
tion 2, etc. This is an operation of 12 cycles of length one. 
Using the same numbering and notation system, the C3 op­
eration (which contains four cycles of length three) is writ­
ten as 

7 7 C , 

/ 1 5 9 W 2 6 1 0 W 3 7 1 1 W 4 8 12\ 
~ \ 5 9 l j \ 6 10 2 J \ 7 11 3 j \ 8 12 4 / 

In general, a permutation IT of a set S containing \S\ ele­
ments can be described by c\ cycles of length I, a cycles of 
length 2, ... ,Ck cycles of length k, etc. Such a cycle struc­
ture representation of ir can be written as a monomial 

/ l 0 , / 2 C 2 Jk • 

where the/t are formal variables. For example, TE and irc3 
are represented by/ i 1 2 and/34, respectively. (Note that the 
algebraic sum of the exponents is equal to 12, the degree of 
the group; the permutation of each of the 12 positions is ac­
counted for.) In this manner each operation of the group 
can be represented in terms of its cycles, and the entire 
group G can be represented by the sum of these cycles, nor­
malized by dividing by j Gj, the order of the group. The gen­
eral form of such a cycle index is then given by 

Z(G; \s\) = (l / |G|)£/i c l /2°2 . . .A0*.. . 
ir«C 

where the terms are defined as described above, and the 
sum is over all permutations in G. The cycle indices for the 
rotation group D3 and the rotation-reflection group Dn are 
given in Table I, where the set S describes the substituent 
positions of chair form cyclohexane. The name of the index, 
Z(Dy, 12), for example, indicates that a figure of 12 points 
is permuted by the symmetry group Z)3. Table I also gives 
the cycle indices for the rotation group De and the rotation-
reflection group Deh, each applied to planar-projection cy­
clohexane. 

P61ya showed various ways that the cycle index can be 
used to solve problems involving combinatorial enumera-
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Figure 1. Planar projection formulas for 1,2-dibromocyclohexane. 

Table I. Cycle Indices for Calculating Cyclohexane 
Isomer Numbers 

Chair Form Cyclohexane 

Z(Z)3;12) = l [ / / 2 + 3 / 2
6 + 2/3

4] 

Z(D3d;12) = -L. [Z1H + Af2
6 + 2/3

4 + 2/7 + 3 / / / 2
4 ] 

Planar-Projection Cyclohexane 

Z(D6;12) = ± [Z1" + 7/2
 6 + 2Z3* + 2/6

J ] 

Z(JDth;l2) = J ^ [T1" + 12/2
6 + 2/3* + 6/6

2 + 3 / , / / ] 

Br 

Br 

Br 

8r 

Br 

Br Br 

Table II. Comparison of the Groups and Subgroups 
QiD6H and D3d

R<, 

Rotation Groups 
D3R6: E, 2C3, 3C1, 2R6,R6MR6-C2 

D6: E, 2C3, 3C2', 2C6, C2, 3C2" 

Z(D3R6M) = Z(D6;\2) = X - [/,» + If2
6 + 2f3" + 2/6

J] 

Rotation-Reflection Groups 

D3ClR6- D3R6-H, 2S6, 3av, 2R6i,R6H lov-R6 

D6h:D6 + i, 2S6, 3c-v, 2S3, oh, 3ad 

Z(Drf/J,;12) = ZCD^;12) = ^ [Z1
12 + 1 2 / / + 2/3

4 + 6/6
2 + 3/ , 4 tf] 

m I E 

e ' ^ = ^ 

3C I 3 1 

Figure 2. Perspective formulas for conformers of 1,2-dibromocyclohex-
ane. 

a 4 

Figure 3. Numbering system for cyclohexane. 

tion, but in the present paper we will confine our interest 
simply to its structure. Two observations on the isomer 
numbers can be made without further calculation. In both 
the threefold and sixfold groups the rotation group cycle 
index is not identical with the rotation-reflection cycle 
index, and hence both chair form and planar-projection cy­
clohexane can have enantiomorphic isomers. Furthermore, 
there is no identity between the cycle indices for the rota­
tion groups of the threefold and sixfold groups, nor for their 
rotation-reflection group cycle indices. Hence, there are 
different isomer numbers for the two skeletons whether one 
is counting all stereoisomers (rotation group) or only diaste-
reomers (rotation-reflection group). Since the sixfold group 
has a higher order, it has fewer isomers of either type. The 
application of P61ya's method to rigid skeletons, then, has 
merely confirmed our empirical observation that there are 
fewer isomers for a planar-projection structure. 

In attempting to represent the operations corresponding 
to nonrigid motions of molecular skeletons, it was found 
that the symmetry of cyclohexane can be adequately repre­
sented by introducing a new symmetry element J?6 which 
combines a sixfold rotation with a flip motion of the ring in-

/==7 RING FLIP^ 

RINS FLIP £^U 
Figure 4. The ring flip-rotation operator Re. 

terconverting one chair form to another (Figure 4). The ef­
fect of this sixfold ring flip-rotation operator is to permute 
all the positions on the same side of the ring. The double ap­
plication of this operator (i?62) is identical with the simple 
rotation operation Cy. By combining this element with the 
groups DT, and D^ two new groups can be generated which 
are designated D^Rs and D^Rf,- Table II summarizes the 
operations and cycle indices of these two groups and gives a 
comparison of their structures with D& and D^h- It is imme­
diately obvious that the cycle indices of the two rotation 
groups are identical, and similarly for the two rotation-re­
flection groups. It is known from Polya's work that, though 
two isomorphic groups operating on sets of the same degree 
must have the same cycle index, the converse is not always 
true. Hence, it is not immediately obvious that the two 
groups are isomorphic. However, a detailed comparison 
shows that they are in fact isomorphic permutation groups. 

The permutation symmetry of the cyclohexane ring can 
be represented by a planar ring because the conversion of 
one chair form ring into the other leads to a permutation 
group whose combinatorial properties are identical with 
D(,h- This method of justifying the use of planar projection 
formulas emphasizes the necessity of conformational 
change in making planar representation allowable. Conse­
quently, where such interconversion is impossible, as in bi-
cyclo[2.2.0]hexane, the correct isomer number cannot be 
obtained from a planar representation. 

If this method of analysis were limited to the algebraic 
solution of a problem (the isomer numbers of cyclohexane) 
which has previously been fully worked out from models, it 
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would be of little use indeed. However, it is a more powerful 
tool than is indicated by this example alone. Traditionally, 
Polya's method has been applied primarily to molecules 
such as benzene,6 octahedral and tetrahedral coordination 
complexes,7 and polynuclear coordination complexes7'8 

which are characterized by rigid skeletons. The element R$ 
is only a single example of internal symmetry operations 
which occur in nonrigid molecules. In addition to the ring 
flip-rotation operation, internal symmetry elements which 
have been investigated include internal rotation (in ethane 
and metallocene compounds) and inversion (in amines).9 

Furthermore, the investigation of isomerism in nonrigid 
molecules has become an important field of chemical inves­
tigation. Permutation group properties have been applied to 
the analysis of these systems, both theoretically10 and ap­
plied.1112 In work carried out by Gillespie and his col­
leagues, the power of the permutation group method has 
been illustrated for a number of nonrigid systems.11 They 
note that monocyclic ring systems, in particular the cyclo-
hexane system, exhibit a dynamic skeletal symmetry which 
is equivalent to the symmetry of a hypothetical planer ring. 
They obtain the dynamic skeletal symmetry, group D, by 
obtaining the product of the permutation group G repre­
senting the rigid skeletal system of the ring and the permu­
tation group F representing the flexions: D = GXF. 

The advantages of the point group method proposed 
herein over the permutation group method are similar to 
those leading to the adoption of point groups for most 
chemical applications: (a) the symmetry elements bear logi­
cal and easily visualized relations to chemical/physical no­
tions of the molecule's properties; (b) the group of symme­
try operation can be obtained from the product G X F in a 
manner which allows for visualization and description; and 
(c) the description of the dynamic skeletal symmetry group 
is independent of the numbering of the skeleton. 

It is our hope that the present method of describing the 
dynamic skeletal symmetries of molecules will serve as a 
fruitful tool for making the chemist's intuition of internal 
molecular motions into a theoretically precise notion. 

With the exception of ethane, absorption or electron im­
pact spectra of small (n < 6) acyclic alkanes contain little 
discernible information. The broad, essentially featureless 
spectra1,2 give little in the way of structural information 
about the excited state. Recently Lipsky3 observed that the 
separation between absorption onset and fluorescence maxi-
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mum of linear alkanes decreases with increasing chain-
length and increases with branching. Based on these results 
and energy transfer studies, he concluded that these 
frequencies are related to the extent of nuclear distortion in 
the excited states. Numerous photochemical studies of 
small acyclic alkanes have established the striking predomi-
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Abstract: Following Ruedenberg, we suggest that a useful measure of chemical binding is the two-center, one-electron inter­
ference contribution to the energy in the electronic state of interest. Using this conceptual framework, the vertical valence 
excited states of propane in the optimal ground state geometry are examined using INDO in its original parametrization. 
The results are compared with available experimental information. The calculations yield bond energies which are consistent 
with observed decomposition modes for ground states of small alkanes and excited states of propane. Configuration interac­
tion calculations are discussed in the case of propane. Inclusion of all single excitations from the ground state results in con­
siderable rearrangement of the order of excited states; however, the relative bond energies within each state are unaffected. 
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